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Abstract- The capacity and error rate performance of a
multiple-input multiple-output (MIMO) communication system
depend strongly on the spatial correlation properties introduced
by clustering in the propagation environment. Simulating correlated channels, using the common correlated Raykigh fading
model for example, requires numerically complex calculations of
the transmit and receive spatial correlationmatrices as a function
of the cluster size and location. This paper proposes a numerically efficient way of generating these correlation matrices for indoor clustered channel models. This method makes use of an UNform h e a r array approximation to avoid numerical integrals and
derives a closed-form expression for the correlation Coefficients,
assuming a Laplacian angle distribution. Simulations show that
the approximate correlation model exhibits good fit for moderate
angle spreads. Complexity calculations show that this approach
takes ahout 11200 of the time to compute the spatial correlation
matrices compared to existing methods.

computational complexity is required to complete the calculation.
In this paper, we propose a computationally efficient method
for simulating spatial covariance matrices. We focus on the
clustered channel model, in which groups of scatterers are
modeled as clusters located around the transmit and receive antenna mays. The clustered channel model has been validated
through measurements [9],[IO] and has been adopted by various wireless system standards bodies such as the ZEEE 802.11n
Technical Group (TG) [ 1 I] and the 3GPW3GPP2 Technical
Specification Group (TSG) [IZ]. Our proposed method is a
practical alternative to the approaches suggested by these standards forums for simulating correlated MIMO channels.
Our specific contribution is to propose a more efficient way
of simulating the spatial covariance matrix for the case of
Laplacian angular spread distribution. The key insight is that
I. INTRODUCTION
an approximation for uniform linear mays (ULAs) and modMultiple-input multiple-output (MIMO) communication erate angle spreads allows us to derive a closed-form solution
technology offers a new spatial degree of freedom that can be for the spatial covariance function, avoiding complicated nuleveraged to achieve significant capacity gains as well as im- merical integrations as in [SI. The main benefit of the proposed
proved diversity advantage [I]. While the theoretical properties method, as we demonstrate, is a dramatic reduction in compuof MIMO communication systems have been acknowledged for tational complexity and thus computation time required to calsome time, only now is a pragmatic perspective of MIMO com- culate the spatial covariance matrices. Because the spatial cormunication in realistic propagation channels being developed relation matrices are a function of the clusters, which are also
L21-151. These results show that realistic MIMO channels have random, system level simulations will require averaging over
significant spatial correlation due to the presence of scatterers many covariance realizations. This computation time improvein the propagation environment. Unfortunately, spatial correla- ment of the proposed method makes it particularly suitable in
tion generally has an adverse effect on capacity and error rate the context of network simulators, where many users and chanperformance [51, [6]. Simulating realistic correlated channels nels need to be simulated. Preliminary results have been shown
is thus essential to predict the perfotmance of real MIMO sys- in [13]. The proposed method to derive the spatial conelation
coefficients yields loss in performance compared with the extems.
One common modeling used to simulate MIMO channels is act method in [8]. We quantify this loss in terms of channel
the so called CorrelatedRayleigh jading model [7]. This statis- capacity and show that the loss is negligible for spreads lower
tical model determines the spatial covariance matrix assuming than 15" and broadside directions.
certain distributions of the scatterers in the propagation enviThis paper is organized as follows. In Section II, we provide
ronment. In [SI, an exact expression of the spatial correlation some background on the clustered channel model and present
coefficients was derived. This solution, however, is expressed the system model used for simulations. Section I11 presents
as a sum of Bessel functions of the first kind and significant the analytical derivation of the proposed model, outlining the
approximation used. In Section IV, we show the performance
This mterial is based in part upon work suppolfed by the Texas Advanced
Technolow Program under G m t Nos. 003658-NI4-ZWland 003658-0380- degradation in terms of channel capacity, due to this approxi2W3, and the National Insmunents Foundation.
mation. Finally, we present the gain in computational time as

well as the algorithm complexity analysis. Concluding remarks
are given in Section V.
11. MODELDESCRIPTION

probability distribution function [IO], [14], [15]. This is the distribution we will refer to throughout this paper.

B. System Model

A. Backnround on Clustered Channel Models

It is well known that the spatial correlation in MIMO channels depends on the spacing of the receive antennas as well
as the spatial characteristics of the propagation environment.
Multiple paths are perceived by the receiver as channel taps,
each one characterized by a given time delay and angle of
anival (AoA). One common modelling technique is to group
these channel taps into clusters, according to the well known
Saleh-Valenzuela model [9] for indoor environments. An extension of this model to inclqde angles of anival has been proposed in [IO].
According to this method, a mean AoA ($3is associated to
of the multi-paths within the
each cluster and the AoAs (00)
same cluster are generated with respect to a certain probability
density function (pdf). The pdf of the AoAs is chosen to fit the
power azimuth spectrum (PAS) of the channel. The standard
deviation of each cluster PAS is a measure of the cluster angular spread (AS). Some channel models (i.e., 802.1 In) define
multiple resolvable rays within the same channel tap. In this
case, each ray is identified by an AoA offset 4%with respect to
the mean AoA of the channel tap (40). The framework of this
model is sketched in Fig. 1.

Consider an ATt transmit and MT.receive antenna wireless
system with single user. The MIMO channel matrix is generated on a tap by tap basis, according to the well known correluted Ruyleigh jading channel model [7],and it can be wlitten
as'

H = R:/~H,R:/*

(1)

where H, is M,.xiIft matrix of complex Gaussian coefficients,
R,. and Rt are the spatial covariance matrices at the receiver
and transmitter, respectively, expressing the correlation of the
receive/transmit signals across the array elements. We derive a
closed-form expression for the coefficients of R, and Rt, for
a single channel tap characterized by a certain angular spread
and angle of anival. Since the same method is applied to both
correlation matrices, we will use the notation R to refer to both
the transmit or receive covariance matrix. Likewise, we will
use AT, instead of MTor ATt, to indicate the number of antennas.
To derive the coefficients of the matrix R, we compute the
spatial correlation of the signals received at the array sensors.
If we neglect the effect of the noise, the signal received at the
m-th m a y element at timet can be written as

where m = 0, ..., (hf - l), M is the number of sensors in
the antenna array, N is the number of rays for a given channe1 tap, s ( t ) is the complex envelope, and g,(t) is the complex
Rayleigh fading coefficient. We define D = 2ad/X, with X
being the wavelength, and d the spacing in between the m a y
elements. Moreover, 4%represents the AoA offset with respect
to the mean AoA (40)of the channel tap, as depicted in Fig. 1.
We assume that each channel tap exhibits a Laplacian PAS.
Then, the random variable 4, describing the AoA offset with
respect to the mean angle 40, is distributed according to the
Laplacian pdf given by

e53
Antenna Array

The simulation of the spatial correlation matrix relies on the
distribution of the AoAs. Various recent measurement campaigns showed the hest fit for the PAS to follow a Laplacian
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'We use C N ( 0 , l )to denote a random vaiable with real and imaginary paits
N ( o , 1,21,
denote
T

that are i,i,d. according

rmsposition, H
denote conjugation and msposition, I . I IO denote the
absolute value, and (., .) to denote the complex vector space inner-praduct.
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111. PROPOSED MODEL OF THE SPATIAL CORRELATION

MATRIX
With the assumptions specifiedabove we compute the crosscorrelation between signals at array sensors m and n as

R, n =

(4)

.qTmT;l

where T, and T" is given by (2). We assume the transmitted signal s ( t ) has power Et{is(t)lZ}= 1 and changes independently of the channel. The complex fading coefficients
g,(t) are assumed to be distributed according to C N ( 0 , l ) and
are independent over time and from ray to ray. Therefore,
E { g , ( t ) g ; ( t ) } = 6*kr where 6,1; is the delta of Kroneke;.
Moreover, assuming the angles of arrival ($4to be independent across different rays, it is possible to express the crosscorrelation in (4) as

where we used the definition given in (2).
Using a first-order Taylor series (assuming
write the exponent in (5) as

4 z= 0) we can

sin(& - ~ ) ~ x i n ~ ~ + d c o s d o .

(6)

Later in this paper, we will discuss the impact of this approximation over the spatial correlation coefficients. Now, substituting (6) into ( 5 ) and by the definition of first order moment of a
random variable, we get
m

~

&D(m-n)si"(m)

,

Rm,n

1,

,jD(m-n)coS(*O)d

~ ~ (dd4

(7)
where Pm(4)
is the pdf given in (3).
We observe that the Laplacian PAS decays rapidly to zero
within the range (-7r,n], also for high values of RMS AS
(i.e., 4 0 O as in [Ill). Therefore, the integration of P,,(4) truncated over (-r, ?I] is equivalent to the one over infinite domain.
Then, we can rewrite (7) as

P(40, Q)L,"z=

ejD(m-n)sin40

.F,{p4(4)}

(8)

where F denotes the Fourier transform and w = D ( m n)cos 40. Using the function in (3), we solve the Fourier transform in (8) as

we derive the correlation coefficients across all the array elements. The resulting spatial covariance matrix can be written
in closed-form as

R(do,om)z= [ a ( d .aH(do)]oB(@o,od

(11)

where 0 denotes the Shur-Hadamard (or elementwise) product. A similar result was derived in [16], where the Gaussian
distribution was used for the PAS. Here we computed the matrix R(90,U - ) for the case of Laplacian pdf, given by (3).
IV. RESULTS& ALGORITHM
COMPLEXITY ANALYSIS

Hereafter, we present results showing the performance
degradation by using the method given in (I I), with the approximation in (6). Then, we discuss the significant gain in
computational time of this method versus the one proposed in
[Ill.

A. Perjonnance Results
We simulate the spatial correlation matrix (R) on a clusterby-cluster basis, as recommended by the ,802.1 In channel
model. We compare three different models to generate the
matrix R. The ray-based model (RBM) [17], where R is
computed from the steering vectors corresponding to different AoAs. For each tap we generated 5000 rays in order for
the distribution of the AoAs to converge to the Laplacian pdf.
The second model we analyze is the 802.1111model, based on
an approximation with Bessel functions of the first kind as in
) [I I]. The third model is the one using the approximation in (6)
which we will refer to as Fast-R, for its high efficiency in computational time. The RBM model is here used as reference for
the performance analysis, since it is the most "physical" one
and does not use any approximation.
In these simulations we considered a MIMO four transmit
and four receive antenna system, with isotropic and equally
polarized antennas spaced A12 apart. No coupling effects are
considered across the " a y elements. We measured the performance degradation due to the approximation in (6), by looking
at the eigenvectors of the spatial covariance matrices. Then, we
compared the dominant eigenvector obtained from the 802.1 In
model and Fast-R, against the one obtained through the RBM
model. We calculated the normalized phase-invariant ("1)
distance by defining the distance between two unitary vectors

(9)

Considering a ULA with array response vector

&;A.

=

1 ifi=k;
0 otherwise

where v1 is the dominant eigenvector obtained with the
802.11n or the Fast-R models, whereas v2 comes from the
RBM method. We computed this metric For different values
of AS.
The results are depicted in Fig. 2. For both the models the
NPI error is due to the assumption of continuous distribution
of the rays for each channel tap, as opposed to the RBM model
where a finite number of rays are generated. In addition, the

Y8uDll.l

Fast-R method suffers of the approximation in (6). This leads
the performance of the Fast-R method to degenerate faster than
the 802.1In model, for increasing values of RMS AS. However,
for values of AS less than 15", the h'PI for Fast-R is below 2%.
We choose this value of AS as reference for the next results.
We computed the cumulative density function (CDF) of
the mutual information as function of the signal-to-noise ratio ( S N R ) . We assumed equal power (EP) transmission across
the array elements. The mutual information is given by [ 191
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where p is the average signal-to-noise ratio, and In{, is the
identity matrix with dimensions M7xM,.. Moreover, we defined r = min(Al,, AJt) and Ai to he the eigenvalues of H H H ,
where U is the A&.xMt channel matrix generated as in (I).
In Fig. 3 the CDF of the mutual information is depicted for
AS< 15" and SNR= 15dB. It is possible to see that the mean
value (or ergodic capacity) matches for all three methods. For
the Fast-R, however. the CDF exhibits slightly higher variance.
This is due to the fact that the eigensttucture of R simulated
through Fast-R differs from the one generated through the other
two methods, when the AoA approaches the endfire direction
with respect to the alignment of the array elements. As consequence, the 10%outage capacity of Fast-R is about 0.56ps/Ht
lower than the RBM method.
Finally, some remarks on the applicability of Fast-R method
to common channel models. In general, the proposed algorithm can be used for any clustered channel model, employing
Laplacian disuihution. Practical examples are the standards
3GPP/3GPP2 (when statistical method is used) and 802.1111
aforementioned. The only constraint required is that the value
of AS is lower than 15O.
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Fig. 3. CDF of the mutual information for tapAS< 15O and SNR= 15dB.
Compaison of different methods to generate R.

B. Computational Complexiry Analysis

time obtained with Fast-R as opposed to the RBM and 802.1 I n
approaches. We simulated all three algorithms in Matlab with a
700MHz Pentium 111 personal computer. The 802.1In method
is implemented through a series of Bessel functions truncated
to the order 100, as recommended by the 802.11n standard
model 1201. We generated 6 clusters and a variable number
of users. We calculated the computational time for both the
methods, and the results are depicted in Fig. 4. It is interesting to see that the Fast-R method is almost 200 times faster
than the 802.1111 method for any number of simulated users
Then, it is evident the gain of using Fast-R
in the system
method instead of the 802.11n model to generate covaiances
for multiple users. This is critical because link and network
level simulations must be conduced over long snapshots and
many different covariances to measure average system performance.
Finally, we carried out a computational complexity analysis
for the Fast-R and the 802.1 In algorithms, and compared them.
We counted the number of multiplications (M),divisions (D)
and additions ( A )required to compute the complex spatial correlation coefficients.
For the Fast-R method we referred to the expressions given
in (9) and (11). For the 802.1111 method we considered the
numerical solution of the equations given in [ I l l , for the spatial correlation coefficients. We used the approximation with
Bessel functions of the first kind as in [8],truncating the infinite
series to the order NB. We also assumed the use of polynomial
approximation and backward recurrence to numerically derive
the Bessel functions from the order zero up to N B , according
to well known methods described in [21].
We first derived the computationalcost for only one complex
coefficient of the spatial correlation matrix, for a given channel
tap within a cluster. The results are summarized in Table I.
Since the highest computational complexity is given by the
divisions (D),
we can approximate the expressions in the ta-

So far, we have presented the analytical model of Fast-R and
its performance degradation compared to some existing methods. Now we show the dramatic improvement in computational

3Note that the Fig. 4 shows the Computational time needed to calculate only
the covaiiance muices for the usen, without considering the generation afthe
other channel parameten.
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Fig. 2. Normalized phase-invarjanr (NPI) ofthe dominant eigenvector of R as
function of d ~ root-mean
e
squared angular spread (AS), for the "802.1In" and
"Fast-R methods
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ble by O(1) for the Fast-R method, and by 0 ( 2 N ~for
) the
802.1111 method. To guarantee a good approximation of the
correlation coefficients when using the 802.11n method, we
could plausibly truncate the series of Bessel functions to the
order NB = 100 as in [20]. For this value, the Fast-R method
h" out to be 200 times faster than 802.11n, consistently with
the results showed in Fig. 4.
Now, to derive the spatial channel matrix as in (1) we need to
compute all the coefficients of the receive and transmit covariance matrices, with dimensions AfTxAfr and AItxAIt, respectively. Moreover, we assume the propagation environment to be
characterized by N, clusters per user, with Ntapchannel taps
each one, and I V %in ~
the ~system.
~ ~ Then, the computational
cost for the spatial channel matrix in multiple user scenario is

possible extension to this contribution may be to derive closedform expressions of the spatial comelation coefficients for other
antenna array configurations.
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