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Abstract— This paper considers low complexity transmission
for MIMO bit-interleaved coded modulation (BICM) in spatiallycorrelated Rayleigh channels. We consider both statistical beamforming (SB) and spatial-multiplexing with a zero-forcing (ZF)
receiver. We derive tight closed-form bit error rate (BER)
expressions based on a saddlepoint approximation. We then
propose a practical adaptive algorithm which selects, based on
the analytical results, the combination of code-rate, modulation
format, and MIMO transmission scheme (SB or ZF) that maximizes throughput whilst maintaining a pre-defined BER.
Index Terms— BICM, MIMO, zero-forcing, spatial correlation

I. I NTRODUCTION
There is a fundamental tradeoff between diversity and multiplexing in multiple-input multiple-output (MIMO) communication systems, and this is currently a topic of considerable
research. In [1], an information-theoretic treatment was given
for i.i.d. Rayleigh MIMO channels. In [2] and [3], practical
approaches were designed to take advantage of this tradeoff,
by adaptively switching between diversity and multiplexing
transmission modes, depending on the channel quality. These
uncoded schemes were shown to yield significant improvements over non-adaptive transmission in i.i.d. Rayleigh channels. A similar approach was also proposed in [4] for spatiallycorrelated channels, which adaptively selected a combination
of a transmit-antenna subset and modulation format, based on
the channel correlation scenario. This scheme was designed
for channels with either transmit or receive correlation, but
not both, and did not consider error-control coding.
In this paper we consider adaptive modulation and coding
in MIMO channels with both transmit and receive correlation. The coding format we consider is bit-interleaved coded
modulation (BICM), which is common in practical wireless
systems (e.g. IEEE 802.11a WLANs, and proposed for IEEE
802.11n), and is ideally suited to adaptive transmission. Recently, non-adaptive BICM schemes have been applied to
MIMO scenarios, and been shown to perform favorably with
practical low complexity zero-forcing (ZF) receivers [5, 6],
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however it is expected that the performance will degrade in
the presence of spatially-correlated channels. In this paper
we propose to adapt between a BICM-ZF approach and a
BICM statistical beamforming (SB) approach, depending on
the channel correlation scenario.
We derive new bit error rate (BER) expressions for BICMZF in transmit and receive correlated channels. The results are
based on the typical BICM assumption of ideal interleaving.
This assumption is valid in channels with sufficient time variation or frequency selectivity. We make use of a saddlepoint
approach, originally proposed in [7] for the single-input singleoutput (SISO) BICM case, and derive accurate closed-form
expressions for the error probabilities.
Based on the analytical results, as well as corresponding
BER results for BICM-SB1 , we identify and examine performance tradeoffs for the two MIMO transmission schemes. We
then propose a practical adaptive BICM-mode and MIMOtransmission scheme selection algorithm, aimed at maximizing
system throughput whilst maintaining a pre-defined acceptable
BER. Our proposed approach is shown to yield significant
throughput improvements in all channel correlation scenarios.
II. S YSTEM D ESCRIPTION
A. Signal Model and Transmission Architecture
Consider a narrowband MIMO system with Nt and Nr
transmit and receive antennas respectively. Throughout this
paper we assume Nt ≤ Nr , to facilitate low complexity
BICM-ZF transmission (see below). For each channel use the
received signal vector is given by
√
(1)
r = γ Ha + n
where a ∈ C Nt ×1 is the
signal vector satisfying

 transmit
the power constraint E a† a = Nt , and n ∈ C Nr ×1 is the
noise vector ∼ CN (0Nr ×1 , INr ). Also, H ∈ C Nr ×Nt is the
spatially-correlated Rayleigh fading channel matrix, assumed
to be known perfectly at the receiver, and γ is the average
SNR per transmit antenna. The channel is modeled as follows
1

1

H = R 2 Hw S 2

(2)

1 The BICM-SB BER analysis will be presented in an extended journal
version of this paper [8].
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where Hw ∼ CN (0Nr ×Nt , INr ⊗ INt ), and R ∈ C Nr ×N r
and S ∈ C Nt ×Nt are the receive and transmit correlation
matrices, with eigenvalue decompositions
R = Ur Λr U†r

S = Us Λs U†s .

(3)

We assume that R and S are normalized Hermitian positivedefinite matrices containing unit diagonal entries. Moreover,
we assume that the eigenvector us,max corresponding to the
maximum eigenvalue of S is known perfectly at the transmitter
(this is to facilitate SB, see below). With this model, the
average SNR per receive antenna is Nt γ.
Note that all analytical results presented in this paper apply
equally to any particular correlation model. For the numerical
studies we consider the exponential model (e.g. as in [9]),
Ri,j = ρ|i−j|
rx

|i−j|

Si,j = ρtx

(4)

where ρrx and ρtx are the receive and transmit spatial correlation coefficients between adjacent antennas. We choose this
simple model (for the numerical studies) to illustrate clearly
the impact of spatial correlation on the relative performance
of the SB and ZF schemes.
The MIMO system architecture we consider is presented
in Fig. 1. The encoder, interleaver (assumed ideal), and constellation mapper, form the BICM section of the transmitter.
The BICM system operates according to one of a finite set of
modes, with each mode comprising a particular combination
of encoder rate and modulation format. The encoder rate
R is varied by puncturing a mother binary convolutional
encoder. The modulation formats are Gray-labeled 2M −ary
PSK/QAM constellations, denoted A, of unit average energy.
Mode selection is based on maximizing system throughput
whilst maintaining a pre-defined acceptable BER.
Following modulation, the symbols are mapped to transmit
signal vectors a, according to the particular MIMO transmission scheme, as discussed in the following section.

a ∈ A, the transmission vector a is formed as follows
a = us,max a.

(5)

The spectral efficiency of BICM-SB, in bits/s/Hz, is therefore
SBICM−SB = RM.

(6)

2) Zero-Forcing: Nt modulated symbols are transmitted,
one per antenna, during each channel use. The spectral efficiency of BICM-ZF, in bits/s/Hz, is therefore
SBICM−ZF = Nt RM.

(7)

Clearly, for a given mode (combination of R and M ),
SBICM−ZF is larger than SBICM−SB by a factor of Nt .
C. Low Complexity MIMO-BICM Receivers
1) Statistical Beamforming: Maximum ratio combining
(MRC) is applied to the receive signal vector to yield
√
z = f † r = γ f † (Hus,max a + n)
√
= γ f 2 a + n
(8)


where f = Hus,max and n = f † n ∼ CN 0, f 2 . The BICM
log-likelihood metrics for each of the bits corresponding to
the symbol a are calculated from z, as in [8]. These are then
deinterleaved and decoded using a Viterbi algorithm.
2) Zero-Forcing: The initial filtering step at the receiver is
√
z = Wr =
γa + n
(9)
 † −1 †
H and n = W n. Clearly, the
where W = H H
k th element of z corresponds to the output from a colored
Gaussian noise channel, where the input is the k th element
of a. For the k th modulated symbol, ak , the BICM loglikelihood metrics are then calculated for the corresponding
bits, as shown in [5, 6], prior to deinterleaving and decoding.
III. P ERFORMANCE A NALYSIS OF MIMO-BICM WITH
Z ERO -F ORCING R ECEIVERS

B. Low Complexity MIMO Transmission Schemes
We now detail a SB scheme which we will show is suited
to highly correlated channels or low SNRs, and a ZF scheme
which will be shown to perform best in uncorrelated channels.
1) Statistical Beamforming: A single modulated symbol is
transmitted on all the antennas, with an appropriate complex
weighting, during each channel use. For a modulated symbol

In this section we derive tight expressions for the BER
of BICM-ZF. The corresponding results for BICM-SB will
be presented in an extended journal version of this paper
[8]. These results will provide the fundamental tools for
establishing the selection criterion for our proposed adaptive
MIMO-BICM algorithm in Section IV.
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A. BER Union Bound
BPSK
QPSK
16QAM
64QAM

We consider linear, rate Rc = kc /nc , binary convolutional
codes, for which a tight BER union bound is given by [10]
BER ≤

∞
1 
WI (d)f (d, µ, A, γ)
kc

EM

{1}
{1}
{3/4, 1/4}
{7/12, 1/4, 1/12, 1/12}

{4.0}
{2.0}
{0.4, 1.6}
{ 0.0952, 0.3810, 0.8571, 1.5238}

TABLE I
PM AND EM FOR VARIOUS QAM/PSK CONSTELLATIONS (G RAY )

(10)

d=dfree

where WI (d) is the input weight of all error events at
Hamming distance d, f (.) is the codeword pairwise error
probability (C-PEP), µ is the labeling map, and dfree is the
free Hamming distance.

PM

I, with ith element PM,i and EM,i respectively, and
−1


γEM,i s(1 − s)Λr 

Ĩk,EM,i (s) = INr +



[S−1 ]k,k

B. Saddlepoint Approximation for the C-PEP
To simplify the C-PEP analysis we adopt the approach
of [11] and force the BICM subchannels2 to behave as binaryinput output-symmetric (BIOS) channels by introducing a
random bit-swapping variable u, which gives [10]
 d


f (d, µ, A, γ) = Pr
Li > 0
(11)
i=1

assuming the all-zero codeword is transmitted, and where Li
is the BICM log-likelihood metric for the ith coded bit.
Since the C-PEP is the tail probability of a sum of i.i.d.
random variables, a closed-form expression is obtained by
applying a saddlepoint approximation [7, 12] to (11). This
approximation is given by
f (d, µ, A, γ) ≈ 

trNt −1

ML (ŝ) =

(12)



Nt |P
M|


1 
PM,i Ĩk,EM,i (ŝ)
Nt
i=1

Nt |P
M|


1 
PM,i Ĩk,EM,i (ŝ).
ML (ŝ) =
Nt
i=1

∆

KL (s) = ln ML (s)

(13)

and ŝ is the real value of s that minimizes KL (s) (and hence
minimizes ML (s)).
For BICM-ZF transmission, the m.g.f. is given by [13]
 


√

|z− γã|2
− w 2
m exp
ã∈Aū



k
 exp  s ln



√




|z− γã|2
ã∈Am exp − w 2





To calculate Ĩ (·) and Ĩ (·) we manipulate Ĩ(·) as follows.
We first express the inverse in the denominator of (16) as3


1
−1
[INr + Kk,i (s)Λr ] = diag
(20)
1 + Kk,i (s)λr,q
where λr,q is the q th eigenvalue of R, and
∆

Kk,i (s) =

γEM,i s(1 − s)
.
[S−1 ]k,k

where wk is the k th row of W, and Am
u is the signal subset
within A with mth bit equal to u. In [13] we previously
presented a closed-form high SNR solution to (14) given by
1
Nt

PM,i Ĩk,EM,i (s)

(21)

We also write the determinant in (16) as

k

(14)

ML (s) =

(19)

k=1



Nt |P
M|



(18)

k=1



where ML (s) = EL [exp (sL)] is the moment generating

function (m.g.f.) of L, KL (·) is the second derivative of the
cumulant generating function (c.g.f.)

u

k,k

where


ML (ŝ)d

trNt −1 (Λr )

−1  (16)
γEM,i s(1−s)Λr
Λr INr +
[S−1 ]

where [·]k,k denotes the k th diagonal element, and tr (·) is
the th elementary symmetric function (e.s.f.) (see [14]).
The numerator of the saddlepoint approximation (12) for
BICM-ZF is obtained by evaluating (15) and (16) at ŝ, which
is easily found to be 12 . To evaluate the denominator of (12)

we require KL (ŝ). Starting from (13) and (15), we have
 
2


ML (ŝ)
ML (ŝ)
−
(17)
KL (ŝ) =
ML (ŝ)
ML (ŝ)

2πdKL (ŝ)ŝ

ML (s) = Ez,m,u,k,wk



×

(15)

|INr + Kk,i (s)Λr | =

2 These are the equivalent channels between the transmitted binary codeword
and the corresponding BICM bit metrics.

(1 + Kk,i (s)λr,j ) .

(22)

j=1

Using (20) and (22) we obtain
Ĩk,EM,i (s) =

k=1 i=1

where PM and EM are modulation specific sets, given in Table

Nr


trNt −1 (Λr )


 
.
λ
Nr 
trNt −1 diag 1+K r,q
j=1 1 + Kk,i (s)λr,j
k,i (s)λr,q
(23)

Now using properties of e.s.f.s, we can express the denomi3 Here we introduce a compact notation to represent the diagonal matrix in
terms of the q th diagonal element.
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Nt |PM |
i=1

k=1

1
√
f (d, µ, A, γ) ≈
2Ntd πd


PM,i 1 +

Nr −Nt +1 
=1


!

Nt |PM |
k=1

i=1

 Nr −Nt +1
1+

10

nator as a polynomial in s, which leads to

−1
Nr −N
t +1

Ĩk,EM,i (s) = 1 +
Kk,i (s) C

=1

PM,i 

γEM,i
4[S−1 ]kk



 Nr −Nt +1



=1



γEM,i
4[S−1 ]
kk
γEM,i
4[S−1 ]
kk

−1 d+ 12
C
(27)


C


2

C

0

Simulation
SaddlePoint
SaddlePoint (High SNR)

(24)

10

-1

10

-2

10

-3

=1

∆

C =





N
t −1



{α}






λr,αj  tr diag λr,βq

(25)

j=1

BER

where

for  = 1, . . . , Nr − Nt + 1, where the sum is over
all ordered α = {α1 , . . . , αNt −1 } ⊆ {1, . . . , Nr }, and
{β1 , . . . , βNr −Nt +1 } = {1, . . . , Nr }\α.
Now, using (24), we perform some tedious algebra to


evaluate Ĩk,EM,i (ŝ) and Ĩk,EM,i (ŝ) as follows

16QAM

10



Ĩk,EM,i (ŝ) = 0


Ĩk,EM,i (ŝ) = 8Ĩk,EM,i (ŝ)2

N



r −Nt +1



C

=1

γEM,i
4 [S−1 ]kk

.
(26)

1) Special Case: Nt = 2, Nr = 2: For 2 × 2 systems, (27)
reduces to the following simple expression

f (d, µ, A, γ) ≈

|PM |
i=1

"

2 πd



PM,i 1 +
|PM |
i=1

γEM,i |R||S|
4

PM,i

−1 d+ 12

γEM,i |R||S|
4


γE
|R||S| 2
1+ M,i4

(28)

C. Simplified C-PEP at High SNR
In the high SNR regime, we note that the summations over
 in (27) are dominated by the terms corresponding to  =
Nr − Nt + 1, and obtain
d
 γ −(Nr −Nt +1)d
trNt −1 (Λr )
f (d, µ, A, γ) ≈
√ 
d
4
r
2Ntd πd NNt −1
|R|d
d


−(Nr −Nt +1)
Nt |P
M|


EM,i

×
PM,i
(29)
[S−1 ]kk
i=1
k=1

which is clearly much simpler than (27).

64QAM

-4

0

 

We now substitute (26) into (18) and (19), simplify the result,
and then use (17) and (12) to give the final closed-form C-PEP
saddlepoint approximation in (27) at the top of the page.
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Fig. 2. Simulated and analytical BER of 2 × 2 BICM-ZF employing the
optimal 12 rate code (dfree = 10). An exponential correlation model is used,
with correlation coefficient 0.5 at both the transmitter and receiver.

1) Special Case: Nt = 2, Nr = 2: In this case, (29)
reduces to the extremely simple expression


−1 −d
|PM |

1  γ|R||S| 
PM,i  
f (d, µ, A, γ) ≈ √ 
(30)

4
EM,i
2 πd
i=1
D. BER Performance Results
Fig. 2 compares the analytical BICM-ZF BER expressions
with Monte-Carlo simulation results. Results are shown for
the optimal 1/2-rate 64-state code (dfree = 10) with ideal
interleaving, and the correlation model (4) with ρtx = ρrx =
0.5. The ‘saddlepoint’ curves were obtained by substituting
the C-PEP expression (28) into (10), and are clearly tight for
low to moderate BERs. The ‘saddlepoint (high SNR)’ curves
were obtained from (30). We see that these curves tighten as
the BER is reduced, and are within 2 dB of the simulated
curves for BERs below 10−5 .
IV. A DAPTIVE MIMO-BICM T RANSMISSION
Before presenting the details of the adaptive strategy, we
first investigate the relative performance of BICM-SB and
BICM-ZF in various correlation scenarios.
Fig. 3 considers 2 × 2 fully-interleaved systems, and shows
tight BER curves based on the C-PEP expression (28) for
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Fig. 3. BER curves based on the tight C-PEP expressions for 2×2 BICM-ZF
and BICM-SB. Two exponential correlated scenarios, with ρrx = 0.1, ρtx =
0.3, and ρrx = 0.1, ρtx = 0.7.

BICM-ZF, and for BICM-SB see [8]. For the 2 bits/s/Hz
case, BICM-SB operates with a 1/2 rate code and 16QAM,
and BICM-ZF operates with a 1/2 rate code and QPSK. For
the 4 bits/s/Hz case, BICM-SB operates with a 2/3 rate code
(obtained by puncturing the 1/2 rate code above, as outlined
in [15]) and 64QAM, whereas BICM-ZF operates with the 1/2
rate code and 16QAM.
As expected, we see that BICM-ZF degrades with increasing
transmit correlation. In contrast, the BER of BICM-SB improves with increasing transmit correlation. This improvement
is due to more energy being focused in the direction of
the SB vector us,max , yielding an SNR gain. The relative
performance is of course the important factor in designing
a switching scheme, and this is highly influenced by the
correlation and the spectral efficiency. The figure shows that
for 2 bits/s/Hz, BICM-SB outperforms BICM-ZF in both
correlation scenarios. However at 4 bits/s/Hz, BICM-SB is
best for ρtx = 0.7, and BICM-ZF is best for ρtx = 0.3.
A. Analytical BICM Mode and MIMO Transmission Scheme
Selection Algorithm
Clearly there are significant benefits to be gained from
switching between BICM-ZF and BICM-SB depending on the
channel correlation scenario and the SNR. We now propose
a low complexity practical switching algorithm that jointly
selects the best combination of MIMO transmission scheme
(i.e. SB or ZF) and BICM mode (code-rate and modulation
format) to maximize the system throughput whilst satisfying
a predefined target BER. The proposed selection algorithm is
based on the closed-form BER results.
The throughput ν is calculated for a given BICM mode and
MIMO transmission scheme using
ν = S (1 − BER)

0
−5

20

(31)
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5

10

15
20
25
SNR per Receive Antenna (dB)

30

35

40

Fig. 4. Throughput achieved by adaptive algorithm for 2 × 2 antennas,
target BER 10−3 , and exponential correlation parameters ρrx = ρtx = 0.5.
Selection based on tight C-PEP expressions. Throughputs with optimal mode
selection and LLC envelopes also given.

where S is the spectral efficiency. For a given mode, the spectral efficiencies are calculated for the SB and ZF transmission
schemes according to (6) and (7) respectively.
In general terms, we follow a standard adaptive procedure
whereby the receiver first estimates channel parameters, then
calculates which mode will yield the highest throughput,
and then conveys that information to the transmitter via a
reliable low-rate feedback link. A key novelty of our scheme
is that we perform switching based on the channel spatial
correlation matrix eigenvalues, and that we switch between
the MIMO transmission schemes (SB and ZF) as well as
coding and modulation formats. It is the new closed-form BER
expressions of the previous sections which make this possible.
B. Throughput Performance Results
In this section, we consider 2 × 2 systems, and employ the
eight BICM modes defined by the IEEE 802.11a standard in
[15]. Note, however, that our algorithm applies equally to any
antenna configuration, and for any set of modes comprising
Gray-labeled modulation formats.
Fig. 4 shows throughput results for a target BER of 10−3 ,
and for correlated channels with ρrx = ρtx = 0.5. The figure
shows the throughputs obtained by BICM-SB and BICM-ZF
with optimal mode switching, where the switching points are
calculated based on the actual simulated BER curves. For
comparison, optimal BICM link-level capacity (LLC) envelope
curves (derived in [8]), are also shown. The solid line in
the figure corresponds to our proposed adaptive selection
algorithm, where the switching points are based on the tight CPEP expressions (28) for BICM-ZF, and for BICM-SB see [8].
Clearly our approach achieves near-optimal throughputs for all
SNR. As expected, BICM-SB is selected for low SNRs, and
BICM-ZF is selected for high SNRs.
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Fig. 5 shows the throughputs of the proposed adaptive
algorithm in various transmit correlation scenarios. For SNRs
below 20 dB, the throughputs improve with increasing transmit
correlation, since BICM-SB was selected by the adaptive
algorithm in this low SNR regime. Conversely, for SNRs above
20 dB, the adaptive algorithm selected BICM-ZF, and hence
the throughput degrades with increasing transmit correlation.
V. C ONCLUSION
This paper presented a practical adaptive algorithm for
MIMO-BICM transmission in spatially-correlated Rayleigh
channels, and showed that significant throughput gains could
be achieved by optimizing the choice of code-rate, modulation
format, and MIMO transmission scheme. Tight closed-form
BER expressions were derived, and were used to determine
switching criteria in the proposed adaptive algorithm.
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