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Abstract—This paper considers low-complexity coded multipleinput–multiple-output transmission in Rayleigh channels with correlation between antennas at both the transmitter and receiver.
We consider statistical beamforming (SB) and spatial multiplexing
(SM) with a zero-forcing receiver. We calculate the link-level
capacity of both schemes with bit-interleaved coded modulation
and derive accurate closed-form approximations to the bit error
rate. We then show how the resulting expressions can be used in
an adaptive algorithm to select the best combination of code rate,
modulation format, and transmission scheme (SB or SM) in order
to maximize throughput. Unlike other mode-switching schemes
that require empirical lookup tables, this approach applies to any
correlation scenario. Numerical studies are used to demonstrate
the performance as a function of signal-to-noise ratio and correlation parameters.
Index Terms—Adaptive coding, modulation, multiple-input–
multiple-output (MIMO) communications, spatially correlated
channels.

I. I NTRODUCTION

M

ULTIPLE-INPUT–MULTIPLE-OUTPUT (MIMO) antenna technology has emerged as an effective technique
for increasing the capacity [1] and robustness [2] of wireless communications systems. An important characteristic of
MIMO communication systems is the fundamental tradeoff
between diversity gain and multiplexing gain, and this is
currently a topic of considerable research. In [3], an
information-theoretic treatment was given for independent
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identically distributed (i.i.d.) Rayleigh MIMO channels at high
signal-to-noise ratio (SNR). In [4] and [5], practical techniques
were designed to take advantage of this tradeoff by adaptively
switching between diversity and multiplexing transmission
modes in i.i.d. Rayleigh channels, depending on the channel
state information. A similar method was also proposed in [6]
for spatially correlated channels, which adaptively selected
a combination of a transmit-antenna subset and modulation
format, based on the channel spatial statistics. Compared with
nonadaptive transmission, the preceding adaptive schemes were
shown to yield significant gains in error performance for fixed
data rate.
In this paper, we extend the scope of investigation by considering coded modulation over channels with correlation between
antennas at both the transmitter and receiver (double ended),
and we focus on maximizing the data rate for a given target
error performance. For this broader more practical class of
systems, we consider two simple MIMO schemes: 1) statistical
beamforming (SB) and 2) spatial multiplexing (SM) with a
zero-forcing (ZF) receiver. The former requires only covariance
feedback information; the latter one is an open-loop scheme
with a low-complexity linear receiver.
We consider the possibility of switching between these practical schemes in order to maximize system throughput. Of
course, it is common to adapt between a set of coding and
modulation modes based on SNR, e.g., as discussed in [7].
The key in this paper is to also introduce the possibility of
adaptive switching between SB in high-correlation conditions
and SM in low-correlation conditions. This switching method
will improve the performance and requires minimal feedback
information since it relies on only two channel statistics: 1) the
average SNR and 2) the spatial correlation.
We start by deriving new accurate closed-form approximations to the bit error rate (BER) for both the SB and
SM MIMO schemes. No previous closed-form BER results
are known for these schemes when they have both doubleended correlation and coding. The coding that we consider
is bit-interleaved coded modulation (BICM) [8], [9], which
is common in practical wireless systems (e.g., IEEE 802.11a
WLANs and proposed for IEEE 802.11n) and is ideally suited
to adaptive transmission. BICM is easily adapted to changing
channel conditions by simply puncturing the mother encoder
and changing to a corresponding modulation format. Recently,
BICM schemes have been extended to uncorrelated MIMO
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scenarios, where they were shown to perform favorably in
SM systems employing practical ZF receivers [10], [11].
Our derivations are based on the typical BICM assumption
of ideal interleaving. This assumption is valid in channels with
sufficient time variation or frequency selectivity. We make use
of a saddlepoint approach (originally proposed in [12] and [13]
for the single-input–single-output (SISO) BICM case) and employ a high-SNR analysis. The expressions can be used to
approximate achievable throughputs for given combinations of
coding and modulation.
We then show how the resulting BER approximations can
be used to adaptively select the best combination of code rate,
modulation format, and transmission scheme (SB or SM), in
order to maximize throughput in the double-ended correlated
channels. The only previous adaptive schemes for channels with
both transmit and receive correlation, of which we know, are
limited by the fact that the mode selection criterion is based on
empirically generated lookup tables that were constructed from
a small set of typical channel scenarios [14], [15] or are based
on loose SNR approximations [6], thus making the switching
inaccurate. We note that it may also be possible to get closedform results for other more complicated receiver structures,
such as minimum mean-square error (MMSE), successive interference cancellation, and maximum likelihood (ML) receivers,
although this is beyond the scope of this paper. (In the particular
case of the MMSE receiver, the performance is known to be
close to ZF, and hence, the switching algorithm that we develop
here could be applied directly with a small approximation error.
In the case of ML, it has been previously shown that, with the
particular codes that we consider in this paper, the performance
is only marginally better than ZF when the modulation order or
the number of receive antennas is high [10], [11].)
Finally, numerical studies, which demonstrate the throughput performance of the adaptive system in various correlation
scenarios, are presented. These results confirm that adaptation
achieves significant throughput improvements over nonadaptive
systems while maintaining a predefined target BER. The results
also demonstrate that an SM/SB switching system can perform
close to the theoretical BICM link-level capacity (LLC) and
that, by switching based on the closed-form BER approximations, near-optimal throughputs can be achieved for BER targets
of practical interest.
II. S YSTEM D ESCRIPTION
A. System Model and Architecture
Consider a narrowband MIMO system with Nt and Nr transmit and receive antennas, respectively. Throughout this paper,
we assume Nt ≤ Nr to facilitate low-complexity BICM–SM
transmission (see the following). For each channel use, the
received signal vector is given by
√
r = γ Ha + n
(1)
where a ∈ C Nt ×1 is the transmit signal vector satisfying the
power constraint E[a† a] = Nt , and n ∈ C Nr ×1 is the noise
vector ∼ CN (0Nr ×1 , INr ). In addition, H ∈ C Nr ×Nt is the
spatially correlated Rayleigh fading channel matrix, which is

assumed to be known perfectly at the receiver, and γ is the
average SNR per transmit antenna. The channel is decomposed
according to the common Kronecker structure (as in [16]–[18],
among others) as follows:
1

1

H = R 2 Hw S 2

(2)

where Hw ∈ C Nr ×Nt contains independent entries Hi,j ∼
CN (0, 1), and R ∈ C Nr ×N r and S ∈ C Nt ×Nt are the receive and transmit-correlation matrices with eigenvalue
decompositions
R = Ur Λr U†r

S = Us Λs U†s .

(3)

We assume that R and S are Hermitian positive-definite matrices containing unit diagonal entries. Moreover, we assume
that the eigenvector us,max corresponding to the maximum
eigenvalue of S is known perfectly at the transmitter (this is to
facilitate SB; see the following). With this model, the average
SNR per receive antenna is Nt γ.
Note that all analytical results presented in this paper apply
equally to any particular correlation model that can be expressed in the form of (2). For the numerical studies that we
consider, the exponential correlation model at the transmitter
and receiver (e.g., as in [17]) is given by
Ri,j = ρ|i−j|
rx

|i−j|

Si,j = ρtx

(4)

where ρrx and ρtx are the receive and transmit spatial correlation coefficients between adjacent antennas. We choose
this simple exponential correlation model (for the numerical
studies) to illustrate clearly the impact of correlation on the
relative performance of the SB and SM schemes. Other more
sophisticated correlation models could be also considered.
The MIMO system architecture that we analyze is presented
in Fig. 1. The encoder, interleaver (assumed ideal), and constellation mapper form the BICM section of the transmitter.
The BICM system operates according to one of a finite set of
modes, with each mode comprising a particular combination
of encoder rate and modulation format (hereafter denoted as
the BICM mode). Encoder rate R is varied by puncturing a
mother binary convolutional encoder. The modulation formats
are Gray-labeled 2M -ary phase-shift keying (PSK) or quadratic
amplitude modulation (QAM) constellations, which is denoted
A, of unit average energy. Following modulation, the symbols
are mapped to transmit signal vectors a, according to the particular MIMO transmission scheme, as discussed in the following
section.
B. Low-Complexity MIMO Transmission Schemes
This section details an SB scheme, which will be shown to
be suited to channels with high correlation or low SNR, and an
SM scheme, which will be shown to perform best in uncorrelated channels and high SNR.
1) SB: For the SB scheme, a single modulated symbol is
transmitted from all the antennas, with an appropriate complex
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MIMO BICM system architecture.

weighting, during each channel use. For a modulated symbol
a ∈ A, the transmission vector a is formed as follows:
a = us,max a.

(5)

The spectral efficiency of BICM–SB, in bits per second per
hertz, is therefore
SBICM−SB = RM.

(6)

2) SM: For the SM scheme, Nt modulated symbols are
transmitted, one per antenna, during each channel use. The
spectral efficiency of BICM–SM, in bits per second per hertz,
is therefore given by
SBICM−SM = Nt RM.

(7)

Clearly, for a given mode (R and M ), SBICM−SM is larger than
SBICM−SB by a factor of Nt .

1) SB: For the SB scheme, maximum ratio combining is
applied to the receive signal vector to yield
√

†

z = f r = γf (Hus,max a + n)
√
= γ f 2a + n

(8)

where f = Hus,max , and n = f † n ∼ CN (0, f 2 ). The BICM
log-likelihood metrics for each of the bits i(= 1, . . . , M ) corresponding to the modulated symbol a are calculated from z
using

ã∈Ai p(z|ã, f )
(9)
Li = ln  1
ã∈Ai p(z|ã, f )
0

where
1
p(z|ã, f ) =
π f


2

exp −

|z −

√

γ f
f 2

where W = (H† H)−1 H† , and n = Wn ∼ CN (0Nt ×1 ,
WW† ). Clearly, the kth element of z corresponds to the
output from a colored Gaussian noise channel, where the input
is the kth element of a. For the kth modulated symbol ak ,
the BICM log-likelihood metrics are then calculated for the
corresponding bits i(= 1, . . . , M ) according to [10], [11]

ã∈Ai p(zk |ã, wk )
(12)
Lk,i = ln  1
ã∈Ai p(zk |ã, wk )
0

where zk is the kth element of z, wk is the kth row vector
of W, and


√
|zk − γã|2
1
p(zk |ã, wk ) =
exp
−
.
(13)
π wk 2
wk 2
These metrics are deinterleaved and decoded using a softdecision Viterbi algorithm.

C. Low-Complexity MIMO BICM Receivers

†

2) SM: For the SM scheme, the initial filtering step at the
receiver is
√
(11)
z = Wr = γa + n

2

ã|2


(10)

and where Ai0 , Ai1 are the signal subsets within A, with the
ith bit being equal to 0 and 1, respectively. These metrics
are deinterleaved and decoded using a soft-decision Viterbi
algorithm.

III. I NFORMATION T HEORETIC A NALYSIS
In this section, we calculate and compare the BICM–SB
and BICM–SM LLCs in spatially correlated Rayleigh MIMO
channels. Assuming uniformly distributed inputs and ideal
interleaving, the LLC is calculated by summing the mutual
information for each equivalent BICM subchannel (i.e., as in
[9] and [11]).1
A. LLC of MIMO BICM With SB (BICM–SB)
Using a technique for the LLC of SISO–BICM from [9], we
obtain the LLC of BICM–SB as



M

ã∈A p(z|ã, f )
CBICM_SB = M −
(14)
Eu,z,f log2 
ã∈Aiu p(z|ã, f )
i=1
where u is an equivalent-channel binary input taking values
of 0 and 1 with equal probability, independent of z and f .
Substituting the conditional probability density function (pdf)
1 For general MIMO capacity analysis (Gaussian inputs), see [1], [16], [18],
and [19].
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(10) and using (8), we average over u and the uniformly
distributed channel inputs a ∈ Aiu to obtain
CBICM_SB = M −


M
1
1  
2M i=1 u=0
i





a∈Au
√

|

γ f

ã∈A exp −

 √
log
× En,f 
 2
| γ
exp
−
ã∈Aiu

f

2

(a−ã)+n|
f 2

2

|



2 (a−ã)+n 2

f



.

(15)

2

In Section V, we present a closed-form expression for the pdf
of f 2 . Using this pdf and the usual Gaussian pdf for n, the
expectations in (15) can be efficiently computed using a combination of Gauss–Laguerre and Gauss–Hermite quadratures,
which are tabulated in [20].
Fig. 2. BICM LLC envelope for the SM and SB transmission schemes.
Two MIMO channel scenarios with exponential correlation coefficients ρtx =
0.5, ρrx = 0.5 and ρtx = 0.9, ρrx = 0.1 are considered.

B. LLC of MIMO BICM With SM (BICM–SM)
We have previously derived the LLC for BICM–SM in i.i.d.
Rayleigh channels as [11]



Nt 
M

ã∈A p(zk |ã,wk)
Eu,zk ,wk log2 
CBICM_SM=M Nt −
ã∈Aiu p(zk |ã,wk)
k=1 i=1
(16)
where u is distributed as in (14). We note that this expression
applies equally to spatially correlated channels, under the assumption of ideal interleaving. Substituting the conditional pdf
(13) into (16), using (11), and averaging over u and a ∈ Aiu ,
we obtain
CBICM_SM

Nt 
M 
1 
1 
= M Nt − M
2
i
i=1 u=0
k=1



× Enk ,wk 
log2





a∈Au

√

|

γ(a−ã)+nk |
wk 2

2



exp −

 √

.
2

| γ(a−ã)+nk | 
exp
−
ã∈Aiu
wk 2
ã∈A

(17)

For transmit-correlated channels, the pdf of wk −2 is known
in closed form [21], and the expectations in (17) can be computed efficiently using Gauss–Laguerre and Gauss–Hermite
quadratures. For channels with both transmit and receive correlations, such closed-form pdfs are not available, and the
expectations must be evaluated through simulation.
C. LLC Performance Comparison
Fig. 2 compares the LLCs of BICM–SB and BICM–SM with
2 × 2 antennas for two correlation scenarios. Each curve is the
envelope of the individual LLC curves for Gray-labeled binary
PSK, quaternary PSK, 16QAM, and 64QAM modulation formats (for the respective transmission scheme).
The figure shows that the LLC of each transmission scheme
depends on the channel correlation scenario. In particular, as the
transmit correlation increases, SB benefits, and SM degrades.
These curves motivate our new adaptive transmission approach,

which not only adapts the modulation format and code rate but
also adapts the transmission scheme (between SB and SM).
The relative performance of the two schemes clearly depends
on both SNR and channel spatial correlation. For example, in
the figure shown, in order to achieve the maximum LLC for
the lower transmit-correlation channel, SB should be used for
SNRs of below 12 dB, and SM should be used for higher SNRs.
For the higher transmit-correlation channel, the crossing point
is at 21 dB.
While these capacity results have motivated the new adaptive
approach, for practical systems (with noncapacity-achieving
codes), we prefer to evaluate the switching points based on
achievable BER. Such is the topic of the following sections. In
the numerical studies of Section VII-C, the capacity curves of
this section are used as a benchmark of achievable performance.
IV. G ENERAL E XPRESSIONS FOR
THE E RROR P ROBABILITY
We now derive tight expressions for the BER of BICM–SB
and BICM–SM in spatially correlated Rayleigh MIMO channels. These results will provide the fundamental tools for establishing the selection criterion for our proposed adaptive MIMO
BICM algorithm in Section VII.
Before proceeding, we note that, although we are considering binary convolutional codes with low-complexity Viterbi
decoding, the subsequent analytical BER results also apply
directly to BICM–SB and BICM–SM systems employing more
powerful turbolike codes [12], [13], [22] with iterative decoding
(e.g., serial/parallel concatenated codes, and repeat and accumulate codes) in the region beyond the waterfall threshold. It
is only necessary to know the distance spectrum of the code.
Moreover, the analytical procedure could also be adapted to
BICM–SB and BICM–SM systems with iterative demodulation
(ID) and non-Gray labelings (i.e., as in the BICM–ID systems
considered in [23]–[25]). However, in these particular cases,
the general BER union-bound approach that is used in the
sequel is known to yield accurate results only in the error-floor
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region of the BER curve (see, for example, [12], [13], and [24]).
It is also important to emphasize that both turbolike codes and
BICM–ID have much higher complexity than the noniterative
schemes considered in this paper, making them unsuitable for
implementation in many practical systems.

C. Saddlepoint Approximation for the C-PEP
Since the C-PEP is the tail probability of a sum of i.i.d. random variables, a simplified closed-form expression is obtained
by applying a saddlepoint approximation [27, App. 5A] to (19).
This approximation is more accurate than the usual Chernoff
bound and is given by

A. BER Union Bound
f (d, µ, A, γ) ≈ 

The BER union bound for rate R = kc /nc linear binary
convolutional codes is given by [26]
1
BER ≤
kc

∞


=
WI (d)f (d, µ, A, γ)

(18)

where WI (d) is the total input weight of all error events
at Hamming distance d, f (.) is the codeword pairwise error
probability (C-PEP), µ is the labeling map, and dfree is the free
Hamming distance. Note that, for the codes that we consider,
the infinite series in (18) converges very quickly, and truncation
to as little as five terms still yields accurate results.
B. Exact Expression for the C-PEP
To simplify the C-PEP analysis of both BICM–SB and
BICM–SM, we adopt the approach of [9] and force the BICM
subchannels2 to behave as binary-input–output-symmetric
channels by introducing a random bit-swapping variable u,
which gives the well-known C-PEP [26]
f (d, µ, A, γ) = Pr

(19)

i=1

assuming that the all-zero codeword is transmitted, and where
Li is the log-likelihood metric for the ith coded bit. Since the
metrics Li are i.i.d. under the assumption of ideal interleaving,
we can evaluate the tail probability (19) based on the momentgenerating function (mgf)3
∆

ML (s) = EL [exp(sL)]

f (d, µ, A, γ) =

1
2πj

ML (s)d

(23)

and where KL (ŝ) denotes the second derivative of KL (s), which
is evaluated at the saddlepoint ŝ, which is the real value of s that
minimizes KL (s) [and therefore also minimizes ML (s)].
We note that the general saddlepoint approximation (22) was
first used for the analysis of SISO BICM in AWGN and uncorrelated Rayleigh fading in [12] and further elaborated upon in
[13]. In this paper, we apply the saddlepoint approximation to
the more general correlated MIMO channel and use it to derive
new closed-form approximations to the BER.
V. P ERFORMANCE A NALYSIS OF MIMO BICM W ITH SB

For BICM–SB transmission, the mgf is easily obtained using
(9), (10), and (20) as


 
√
2 

|z− γ f 2 ã|
m exp −
ã∈Aū
f 2

 
s ln


ML (s) = Ez,m,u,f
exp
√
2 
  
2
|z− γ f ã|
exp −
ã∈Am
f 2
u
 √


| γ
 ã∈Aūm exp −

 √
= Ea,m,u,n,f

| γ
exp −
ã∈Am
u

(20)

f

f

2

(a−ã)+n|
f 2

2

s 


.

2 (a−ã)+n
| 
2

f

2

(24)
ds
.
s

(21)

c−j∞

Unfortunately, in virtually all cases, this solution must be evaluated using numerical complex integration techniques, thereby
making it unsuitable for use in practical adaptive systems. In
this paper, we use (21) for assessing the accuracy of our efficient
C-PEP closed-form approximations.

Averaging over the uniform bit positions m, bit-swapping
values u, and symbols a ∈ Am
u gives
ML (s) =

1
M
1  
Im,u,a (s)
M 2M m=1 u=0
m

are the equivalent channels between the transmitted binary codeword
and the corresponding BICM bit metrics.
3 Note that we drop the subscript on L when considering the log-likelihood
ratio statistics at a single instant in time.

(25)

a∈Au

where
 √
| γ
exp
−


 √
Im,u,a (s) = En,f 
 
| γ
exp −
ã∈Am
u




f

m
ã∈Aū

2 These

(22)

KL (s) = ln ML (s)

as
c+j∞


1
ML (ŝ)d
2πdKL (ŝ)ŝ

A. MGF of Log-Likelihood Metric


Li > 0

1
exp (dKL (ŝ))
2πdKL (ŝ)ŝ

where KL (·) is the cumulant-generating function of L given by

d=dfree

d
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f

2

(a−ã)+n|
f 2

2

 s 

 
.

2 (a−ã)+n
|  
2

f

2

(26)
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As for the BICM–SB LLC in (15), the expectation (26) can be
evaluated via numerical integration using Gauss–Laguerre and
Gauss–Hermite quadratures. We now show that, at high SNR,
the expression can be calculated in closed form. At high SNR,
the ratio in (26) is dominated by a single minimum distance
term4 in the numerator and denominator, and by applying the
bounding approach from [13, eq. 39], the Dominated Convergence Theorem [28] can be applied. For the remainder of the
section, we assume a high-SNR scenario and have
 √
s 

2
| γ f 2 (a−ã)+n|
exp
−
f 2
 

  (27)



Im,u,a (s) = En,f 
 

|n|2
exp − f 2
Am
ū

for s < 1, where ã ∈
is the nearest neighbor to a ∈
Averaging over the noise yields
Im,u,a (s)

= En,f exp

= En,f exp

√
−s  γ f

2

4

2

f (Q) =

Nr


g (Λr )

=1

Am
u .

g (Λr ) =


Nr

j=1,j=

|a−ã|2 −2se
f 2

√

γ f

|a−ã|2 +s2 γ f

2

|a−ã|2

2

(a−ã)n∗





  

n+s√γ f 2 (a−ã)2
1
exp −
×
dn
π
f 2



= E f 2 exp −γ f 2 |a−ã|2 s(1−s) .



exp − 2λQr,
2λr,

λr,
λr, − λr,j



Im,u,a (s) =

Nr



−1
g (Λr ) 1+γ|a−ã|2 λs,max λr, s(1−s)
.
(33)

(28)

= u†s,max H† Hus,max
1

1

 u†s,max Us Λs2 U†s H†w Ur Λr U†r Hw Us Λs2 U†s us,max
1

Now, substituting (33) into (25) gives a closed-form expression for the mgf. Unfortunately, this expression requires
the calculation of M 2M Nt terms, i.e., Im,u,a (s). We can see
from (25), however, that these terms only depend on a through
the squared Euclidean distance to its nearest neighbor ã in the
complement subset. We previously showed in [31] that, when
Gray-labeling PSK/QAM constellations were employed, summations of this form could be greatly simplified by exploiting
the multiplicities of the Euclidean distances. In particular, in
this case, we find that (25) can be written in the efficient form
|PM |

1

 u†s,max Us Λs2 H†w Λr Hw Λs2 U†s us,max


(32)

=1

To evaluate the expectation in (28), we use (2) and (3) and recall
that the distribution of Hw in (2) is invariant under unitary
transformation to give
2

.

Using (31) and (29), along with the integration identity
[30, eq. (3.381.4)], the expectation in (28) is evaluated as



f

(31)

where

2




= Ef exp −sγ f

chi-squared distribution with even degrees of freedom, we use
a general result from [29] to give the pdf of Q as


2
(a−ã)+n +s|n|2
f

−sγ f

TABLE I
BREAKDOWN OF DISTANCE MULTIPLICITIES BETWEEN COMPLEMENT
BICM SUBSETS FOR VARIOUS GRAY-LABELED CONSTELLATIONS

ML (s) =



PM,i ÎEM,i (s)

(34)

i=1

λs,max
Q
2

(29)

where  denotes equivalence in distribution, λs,max is the
maximum eigenvalue of S, and
Q=

Nr


ε λr,

(30)

=1

where λr, denotes the th eigenvalue of R, and the ε ’s are
i.i.d. exponentially distributed random variables. As such, Q is
a central quadratic form. Since the exponential distribution is a

4 Note that if non-Gray mappings were considered, the multiplicity of nearest
neighbors would need to be considered.

where the sets PM (with cardinality |PM |) and EM are defined
in Table I, with the ith element PM,i and EM,i , respectively, and
ÎEM,i (s) is as in (33) but with |a − ã|2 replaced with EM,i .
B. Closed-Form C-PEP Based on Saddlepoint Approximation
Noting that the mgf (34) is minimized at the saddlepoint
ŝ = 1/2, we use (34) in (22) to obtain (after simple but tedious
algebra) the saddlepoint approximation to the C-PEP that is
given in (35), shown at the bottom of the next page.
This expression is easy to compute in practice since |PM |
is small, and all terms are straightforward functions of the
eigenvalues of the correlation matrices and the SNR.
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were obtained from (37) and are within 1 dB of the simulated
curves in all cases. For comparison, results are also presented
based on the exact C-PEP expression (21). To evaluate this
expression, the mgf (34) was used in (21), and the complex
integration was evaluated numerically using Gauss–Chebyshev
quadrature (GCQ) rules [32]. We clearly see that the simplified
closed-form saddlepoint approximation suffers negligible loss
compared with (21).

VI. P ERFORMANCE A NALYSIS OF MIMO BICM W ITH SM
A. MGF of Log-Likelihood Metric
For BICM–SM transmission, the mgf is easily obtained using
(12), (13), and (20) as


√
|z− γã|2
exp − |wk |2

 .
ML (s) = Ez,m,u,k,wkexps ln 
√
|z− γã|2
exp
−
m
ã∈Au
|wk |2
(38)


Fig. 3. Simulated and analytical BER for 2 × 2 BICM–SB with a 1/2-rate
code and for various modulation schemes. An exponential correlation model is
used, with a correlation coefficient of 0.5 at both the transmitter and receiver.



m
ã∈Aū

C. Simpliﬁed C-PEP
Applying the following approximation to the denominator
of (35):

 

γEM,i λs,max λr,
γEM,i λs,max λr,
≈
+1
(36)
4
4

In [31], we presented a closed-form high-SNR solution to
(38) given by
ML (s) =

Nt |P
M|

1 
PM,i Ĩk,EM,i (s)
Nt
i=1

(39)

k=1

we obtain a simplified C-PEP expression that is given by
 |PM |
Nr


1
PM,i
g (Λr )
f (d, µ, A, γ) ≈ √
2 πd i=1
=1



where



γEM,i λs,max λr,
× 1+
4

−1


γEM,i s(1−s)Λr 

Ĩk,EM,i (s) ≈ INr +
 trNt −1 (Λr )
[S−1 ]k,k


−1
γEM,i s(1−s)Λr
× trNt −1 Λr INr +
[S−1 ]k,k

−1 d
. (37)

D. BER Performance Results

where [·]k,k denotes the kth diagonal element, and tr (·)
is the th elementary symmetric function, which is defined
as [33], [34]

Fig. 3 compares the preceding analytical BICM–SB BER
expressions with Monte Carlo simulation results, for a
2 × 2 system with Gray-labeled QPSK, 16QAM, and 64QAM
constellations. Results are presented for the optimal 64-state
1/2-rate binary convolutional code with dfree = 10 and with
ideal interleaving. We consider the exponential correlation
model with correlation coefficients ρtx = ρrx = 0.5. The “saddlepoint” curves were obtained by substituting the C-PEP expression (35) into (18). Note that, as expected, they are within
0.2 dB of the simulated curves for low to moderate BERs since
the union bound is known to be tight for convolutional codes for
SNRs above the cutoff rate. The “saddlepoint (approx)” curves


|PM |
1
f (d, µ, A, γ) ≈ √ !
2 πd |PM |
i=1

i=1

PM,i

PM,i

tr (X) =




λx,αi =

{α} i=1

  α
 Xα 

(41)

{α}

for arbitrary Hermitian positive-definite X ∈ C n×n . In (41), the
sum is over all ordered α = {α1 , . . . , α } ⊆ {1, . . . , n}, λx,i
α
denotes the ith eigenvalue of X, and Xα is the × principle
submatrix of X, which is formed by taking only the rows and
columns that are indexed by α.


g
(Λ
)
1+
r
=1 

Nr


=1 g (Λr ) 1 +

Nr

(40)

γEM,i λs,max λr,
4

γEM,i λs,max λr,
4

−1

−2 

d+ 12

γEM,i λs,max λr,
4



(35)
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where Skk corresponds to S, with the kth row and column
removed, and recall that the spatial correlation matrices have
unity diagonal entries, such that, for 2 × 2 systems

B. Closed-Form C-PEP Based on Saddlepoint Approximation
The numerator of the saddlepoint approximation (22) for
BICM–SM is obtained by evaluating (39) and (40) at the
saddlepoint ŝ, which is easily found to be 1/2. To evaluate the
denominator of (22), we require KL (ŝ). To do this, we start by
using (23) and (39) to write
KL (ŝ)

ML (ŝ)
−
=
ML (ŝ)



ML (ŝ)
ML (ŝ)

[S−1 ]kk =

2

Nt |P
M|

1 

PM,i Ĩk,E
(ŝ)
M,i
Nt
i=1

C1 (Λr ) = 2|R|.

(49)

(43)

k=1

Substituting (48) and (49) into (46) and simplifying yields

Nt |P
M|

1 


ML (ŝ) =
PM,i Ĩk,E
(ŝ).
M,i
Nt
i=1

(44)


|PM |

k=1

1
f (d, µ, A, γ) ≈ √
2 πd

We must now evaluate Ĩ  (ŝ) and Ĩ  (ŝ). Unfortunately, it is
very difficult to evaluate these derivatives based directly on
the form of Ĩ(s) that is given in (40). In the Appendix, we
perform significant algebraic manipulations to calculate these
derivatives as follows:

i=1


−1d+ 12
γE
|R||S|
PM,i 1+ M,i4

"
#
# |PM |
$ i=1 PM,i 

γEM,i |R||S|
4

1+

γEM,i |R||S|
4

.
2
(50)


Ĩk,E
(ŝ) = 0
M,i

Ĩk,E
(ŝ)
M,i

(48)

for k = 1, 2. Second, we note that (46) contains only a single
auxiliary constant C1 (Λr ) in the 2 × 2 case, in which case,
(63) reduces to

(42)

where
ML (ŝ) =

1
|S|

C. Simpliﬁed C-PEP at High SNR

= 8Ĩk,EM,i (ŝ)

2

Nr −N
t +1


C (Λr )

=1

γEM,i
4[S−1 ]kk



In the high-SNR regime, we note that the summations over
in (46) are dominated by the terms corresponding to = Nr −
Nt + 1. We also note in the Appendix, from (63), that

(45)


CNr −Nt +1 (Λr ) =

where C (Λr ), for = 1, . . . , Nr − Nt + 1, are auxiliary constants, which are defined in (63). We now substitute (45) into
(43) and (44), simplify the resulting expression, and then use
(42) and (22) to give the final closed-form C-PEP saddlepoint
approximation in (46), shown at the bottom of the page.
1) Special Case—Nt = 2, Nr = 2: For 2 × 2 systems, (46)
can be reduced to a simple closed-form expression.5 We first
note that [34]
[S−1 ]kk =

|Skk |
|S|


Nr
|R|.
Nt − 1

(51)

With these observations, after basic algebra, it is easily shown
that (46) reduces to
 γ −(Nr −Nt +1)d

trNt −1 (Λr )d
√  N d
4
r
2Ntd πd Nt −1
|R|d



−(Nr −Nt +1) d
Nt |P
M|


EM,i

×
PM,i
(52)
−1 ]
[S
kk
i=1

f (d, µ, A, γ) ≈

(47)

k=1

5 Although not shown, simplified expressions are also possible for the more
general case Nr = Nt = n and for systems with Nt = 2 and Nr ≥ 2.

Nt |PM |
1
√
f (d, µ, A, γ) ≈
d
2Nt πd

k=1

i=1

which is clearly much simpler than (46).
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Fig. 4. Simulated and analytical BER 2 × 2 BICM–SM employing a 1/2-rate
code and for various modulation schemes. An exponential correlation model is
used, with a correlation coefficient of 0.5 at both the transmitter and receiver.

1) Special Case—Nt = 2, Nr = 2: In this case, (52) reduces to the extremely simple expression


−1 −d

PM,i  
γ|R||S| 
1
f (d, µ, A, γ) ≈ √ 
.
4
EM,i
2 πd
i=1


|PM |

(53)
D. BER Performance Results
Fig. 4 compares the preceding analytical BICM–SM BER
expressions with Monte Carlo simulation results, for a
2 × 2 system with Gray-labeled QPSK, 16QAM, and 64QAM
constellations. The same system and channel parameters are
assumed as in Section V-D. The “saddlepoint” curves were obtained by substituting the C-PEP expression (50) into (18) and
are clearly tight for low to moderate BERs. The “saddlepoint
(high SNR)” curves were obtained from (53). We see that these
curves tighten as the BER is reduced and are within 1 dB of
the simulated curves for BERs below 10−6 . For comparison,
results are also presented based on the exact C-PEP expression
(21), which are obtained using the mgf (39), and GCQ rules for
evaluating the complex integration in (21).
VII. SM/SB S WITCHING FOR C ODED MIMO
In this section, we present a novel low-complexity switching
strategy for BICM mode and MIMO transmission scheme
selection. Our proposed switching strategy is based purely on
the analytical results of the previous two sections and does not
require any empirically generated lookup tables. The approach
is shown to yield significant improvements in system throughput for the transmit and receive correlated Rayleigh channels
that we are considering.
A. BER Performance Comparison in Correlated Channels
Before presenting the details of the switching strategy, we
first investigate the relative performance of BICM–SB and
BICM–SM in various correlation scenarios.
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Fig. 5. BER curves based on the tight C-PEP expressions (35) and (50) for
2 × 2 BICM–SB and BICM–SM, respectively. Two exponential correlated
channel scenarios are presented, with ρrx = 0.1, ρtx = 0.3, and ρrx = 0.1,
ρtx = 0.7.

Fig. 5 considers 2 × 2 fully interleaved systems (achieved
using a 564-bit block interleaver [10] and assuming fast fading)
and shows BER curves based on the C-PEP expressions (35)
for BICM–SB and (50) for BICM–SM, which have previously
been shown to be tight. For the 2-bit/s/Hz case, BICM–SB
operates with the 1/2-rate code discussed in Section V-D (and
used throughout this paper) and 16QAM, and BICM–SM operates with the 1/2-rate code and QPSK. For the 4-bit/s/Hz
case, BICM–SB operates with a 2/3-rate code (obtained by
puncturing the preceding 1/2-rate code, as outlined in [35]) and
64QAM, whereas BICM–SM operates with the 1/2-rate code
and 16QAM.
As expected, we observe that BICM–SM degrades with
increasing transmit correlation. In contrast, the BER of
BICM–SB improves with increasing transmit correlation. This
improvement is due to more energy being focused in the
direction of the SB vector us,max , yielding an SNR gain.
The relative performance is, of course, the important factor in
designing a switching scheme, and this is highly influenced by
the correlation and the spectral efficiency. The figure shows
that, for 2 bit/s/Hz, BICM–SB outperforms BICM–SM in both
correlation scenarios. At 4 bit/s/Hz, however, BICM–SB is best
for ρtx = 0.7, and BICM–SM is best for ρtx = 0.3.
Fig. 6 examines in more detail the relative performance of
BICM–SB and BICM–SM as a function of transmit correlation. The figure shows the minimum required SNR (or SNR
threshold) to achieve a BER of 10−3 for the 4-bit/s/Hz systems
considered in Fig. 5. The curves were evaluated using C-PEP
expressions as in Fig. 5. Note that, even if one wanted to, it
is infeasible to accurately generate these curves in a practical
time frame via simulation since they require inverting the
BER versus SNR curves. Hence, our tight efficient analytical
expressions are particularly useful here. Results are presented
as a function of ρtx , for three example correlated channels
with ρrx = 0.1, 0.5, and 0.9. Clearly, the SM scheme requires
increasing SNR to achieve the target BER, as the transmit
correlation increases. The reverse is true for the SB scheme.
The important observation from a switching algorithm point
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Fig. 6. SNR thresholds corresponding to a target BER of 10−3 for BICM–SM
and BICM–SB as a function of ρrx and ρtx . Results are shown for 2 × 2
BICM–SM with 16QAM and a 1/2-rate code and BICM–SB with 64QAM and
a 2/3-rate code.

of view is that the curves can cross. For example, for receive
correlation ρrx = 0.1, it is clearly desirable to use BICM–SM
for ρtx ≤ 0.55 and to use BICM–SB for ρtx > 0.55. Another
interesting observation is that both SB and SM are negatively
affected by increasing receive correlation. This is particularly
significant for SM.
B. Analytical BICM Mode and MIMO Transmission
Scheme Selection Algorithm
Clearly, there are significant benefits to be gained from
switching between BICM–SM and BICM–SB, depending on
the channel correlation and the SNR. We now demonstrate how
our new closed-form BER approximations can be used to maximize system throughput while satisfying a predefined BER.
The throughput ν can be calculated for a given BICM mode
and MIMO transmission scheme using
ν = S(1 − BER)

(54)

where S is the spectral efficiency. For a given mode, the spectral
efficiencies are calculated for the SB and SM transmission
schemes according to (6) and (7), respectively.
The switching procedure that we consider is given as follows.
• At regular intervals (dependent on the specific application), the receiver estimates the average SNR γ and channel spatial correlation matrices R and S.
• The receiver then calculates the BER in (18) using (35) for
the SB scheme and (46) for the SM scheme for each of the
BICM modes (from the set of available modes).
• For all mode-scheme combinations, which satisfy the
BER constraint, the receiver calculates the throughput
using (54).
• The mode-scheme combination with the highest throughput is then selected. If this combination is different from
what is currently being transmitted, then its index is conveyed back to the transmitter (along with the beamforming
vector in the case of SB being selected).

Fig. 7. Throughput achieved by the proposed switching algorithm for a 2 × 2
system with a target BER of 10−3 and for correlated channels with ρrx =
ρtx = 0.5. Mode and transmission scheme selection is based on the tight
C-PEP expressions (35) and (50). Throughputs with optimal mode selection
and LLC envelope curves are also given.

Note that the formulas used in this proposed switching procedure are quite straightforward from an implementation point of
view. In particular, the BER in (18) can be accurately truncated
to only five terms, and the PEP expressions (35) and (46) consist
of simple summations (with very few terms), multiplications,
and some basic matrix manipulations. We also note that they
are presented in this paper in their most general form, and
for many practical scenarios, they can be reduced, such as the
2 × 2 example given explicitly in (50).
We note that similar switching schemes have been proposed
for a range of other coding/correlation scenarios (e.g., [4]–[7],
[14], and [15]); however, they generally require lookup tables (and are therefore less accurate) or instantaneous channel
knowledge, or they do not allow for either coding or doubleended correlation.

C. Throughput Performance Results
In this section, we consider 2 × 2 systems and employ the
eight BICM modes that are defined by the IEEE 802.11a
standard in [35]. Note, however, that our algorithm applies
equally to any antenna configuration and for any set of modes
comprising Gray-labeled modulation formats.
Fig. 7 shows throughput results for a target BER of 10−3
and for correlated channels with ρrx = ρtx = 0.5. The figure
shows the throughputs obtained by BICM–SB and BICM–SM
with optimal mode switching, where the switching points are
calculated based on the actual simulated BER curves. For
comparison, LLC envelope curves (as derived in Section III)
are also shown. The solid line in the figure corresponds to our
proposed switched selection algorithm, where the switching
points are based on the tight C-PEP expressions (35) and
(50) for BICM–SB and BICM–SM, respectively. Clearly, our
switching approach achieves near-optimal throughputs for all
SNRs. As expected, BICM–SB is selected for low SNRs, and
BICM–SM is selected for high SNRs.
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simplified algorithm incurs a noticeable loss. At the lower target
BER of 10−6 , the simplified algorithm performs close to the
optimal curves for all SNRs. This is because, in this region, the
SM scheme is chosen, and the C-PEP expression (53) is tighter
at this target BER, in comparison to 10−3 , as seen in Fig. 4. This
yields more accurate SNR thresholds for all BICM–SM modes,
thereby improving the throughput achieved by the simplified
algorithm when these modes are employed (i.e., in the highSNR regime).
VIII. C ONCLUSION

Fig. 8. Throughputs achieved by the proposed switching algorithm for a
2 × 2 system with a target BER of 10−3 , in different exponential correlated
channel scenarios, with ρrx = 0.5 and ρtx values of 0.1, 0.5, and 0.9. Mode
and transmission scheme selection is based on the tight C-PEP expressions (35)
and (50).

We have shown that significant throughput gains can be
achieved by optimizing the choice of code rate, modulation
format, and MIMO transmission scheme in spatially correlated
channels. We presented a novel practical switching algorithm
for low-complexity coded-MIMO transmission based on new
closed-form approximations to the BER. The proposed approach has minimal feedback requirements and provides significant throughput enhancements for fixed target error rate over
nonswitching methods.
A PPENDIX
Derivation of (45)
To calculate Ĩ  (·) and Ĩ  (·), we manipulate Ĩ(·) in (40)
as follows: We first express the inverse in the denominator
of (40) as6
−1

[INr + Kk,i (s)Λr ]


= diag

1


(55)

1 + Kk,i (s)λr,q

where, for convenience, we have defined
∆

Kk,i (s) =
Fig. 9. Throughput comparison of two mode/transmission scheme selection
approaches. The first is based on the tight C-PEP expressions (35) and (46); the
second is based on the simplified expressions (37) and (52). Results are shown
for 2 × 2 systems with target BERs of 10−3 and 10−6 , and for channels with
ρrx = ρtx = 0.5.

γEM,i s(1 − s)
.
[S−1 ]k,k

(56)

We also write the determinant in (40) as
|INr + Kk,i (s)Λr | =

Nr


(1 + Kk,i (s)λr,j ) .

(57)

j=1

Fig. 8 shows the throughputs of the proposed switching
algorithm in various transmit-correlation scenarios. For SNRs
below 20 dB, the throughputs improve with increasing transmit correlation since BICM–SB was selected by the switching algorithm in this low-SNR regime. Conversely, for SNRs
above 20 dB, the switching algorithm selected BICM–SM,
and hence, the throughput degrades with increasing transmit
correlation.
Fig. 9 compares the selection algorithm based on the tight
C-PEP expressions (35) and (50), with the selection algorithm
based on the simplified C-PEP expressions (37) and (53). The
figure includes throughput curves corresponding to optimal
switching based on actual simulated BERs. We see that, for
a target BER of 10−3 , both algorithms perform very close to
the optimal curve for SNRs ≤ 20 dB. For SNRs above this, the

Using (55) and (57), it can be shown that
Ĩk,EM,i (s) =


trNt −1

trNt −1 (Λr )


λ
diag 1+Kk,ir,q
(s)λr,q
× %Nr
j=1

1
(1 + Kk,i (s)λr,j )

.

(58)

We now focus on the denominator in (58), which we assign
the function name D(s). The key here is to express D(s) as
a polynomial in Kk,i (s), which will then allow the required
6 Here, we introduce a compact notation to represent the diagonal matrix in
terms of the qth diagonal element.
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derivatives to be evaluated. Expanding the esf according to
(41) gives


 
Nr
λr,q
D(s) = trNt −1 diag
(1 + Kk,i (s)λr,j )
1 + Kk,i (s)λr,q j=1


 
Nr
t −1
 N
λr,αj

(1 + Kk,i (s)λr,j )
=
1 + λr,αj
j=1
j=1
{α}

=

t −1
 N



Nr −N
t +1

λr,αj 

{α} j=1







1 + Kk,i (s)λr,βj 

(59)

j=1

where {β1 , . . . , βNr −Nt +1 } = {1, . . . , Nr }\ α. In order to obtain a polynomial expression, we use the following generating
function expansion [36]:
N


(1 + axq ) = 1 +

q=1

N


a tr (diag(xq ))

(60)

=1

which gives
D(s) = trNt −1 (Λr ) +

×



Nr −N
t +1




{α}

Kk,i (s)

=1
N
t −1





λr,αj  tr diag(λr,βq ) .

(61)

j=1

Finally, substituting D(s) as the denominator in (58), we obtain
the simplified expression
Ĩk,EM,i (s) =

1+

Nr −N
t +1

−1


Kk,i (s) C (Λr )

(62)

=1

where we have defined the auxiliary constants


t −1
 N


∆

C (Λr ) =
λr,αj  tr diag(λr,βq )
{α}

(63)

j=1

for = 1, . . . , Nr − Nt + 1. Now, using (62), we easily evalu

ate Ĩk,E
(ŝ) and Ĩk,E
(ŝ) and perform some simple algebra
M,i
M,i
to obtain the desired result.
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